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Graph-structured data underpins many critical applications. While foundation models have trans-
formed language and vision via large-scale pretraining and lightweight adaptation, extending this
paradigm to general, real-world graphs is challenging. In this work, we present Graph Billion-
Foundation-Fusion (GraphBFF): the first end-to-end recipe for building billion-parameter Graph
Foundation Models (GFMs) for arbitrary heterogeneous, billion-scale graphs. Central to the recipe is
the GraphBFF Transformer, a flexible and scalable architecture designed for practical billion-scale
GFMs. Using the GraphBFF, we present the first neural scaling laws for general graphs and show that
loss decreases predictably as either model capacity or training data scales, depending on which factor
is the bottleneck. The GraphBFF framework provides concrete methodologies for data batching,
pretraining, and fine-tuning for building GFMs at scale. We demonstrate the effectiveness of the
framework with an evaluation of a 1.4 billion-parameter GraphBFF Transformer pretrained on one
billion samples. Across ten diverse, real-world downstream tasks on graphs unseen during training,
spanning node- and link-level classification and regression, GraphBFF achieves remarkable zero-shot
and probing performance, including in few-shot settings, with large margins of up to 31 PRAUC
points. Finally, we discuss key challenges and open opportunities for making GFMs a practical and
principled foundation for graph learning at industrial scale.

Correspondence: Maya Bechler-Speicher mayabs@meta.com

1 Introduction

Graph-structured data is ubiquitous across domains such as security, social networks, recommender systems,
and many others. While foundation models have revolutionized natural language processing and computer
vision through large-scale pretraining and lightweight adaptation to downstream tasks (Bommasani et al.,
2021), extending these advances to graphs in the form of Graph Foundation Models (GFMs) is fundamentally
challenging. First, graph-data distributions differ substantially across domains, for example, molecular
graphs and social networks vary in node-feature distributions, topological structure, and scale. This raises a
fundamental question about the validity of pretraining, as there might be little transferable structure across
graphs. Furthermore, the scarcity of public, high-quality, large-scale graph datasets (Bechler-Speicher et al.,
2025) limits the ability to rigorously study GFMs at billion-node data scales and billion-parameter model sizes.
Finally, graph learning problems span multiple levels of granularity, including node-, edge-, and graph-level
tasks.

While a truly generic GFM is challenging, many data modalities, including text and images, can be viewed
as instances of graph-structured data with characteristic graph distributions (Veličković, 2023; Bronstein
et al., 2021). Under this perspective, Large Language Models (LLMs) (Vaswani et al., 2017; Brown et al.,
2020; Devlin et al., 2019) and Vision Transformers (ViTs) (Dosovitskiy et al., 2021) can be interpreted as
billion-scale GFMs. LLMs assume a sequential token order and exploit it through positional encodings. ViTs
assume images lie on a fixed two-dimensional grid, leveraging this structure via patchification and parameter
sharing. Figure 1 illustrates FMs as GFMs, using the minimal graph structure they operate on. However,
these architectures embed strong inductive biases tailored to their underlying data distributions, which can
hinder performance when applied to general graphs drawn from different distributions. For example, reducing
graphs to text sequences as input to LLMs may yield poor performance and unstable predictions (Fatemi
et al., 2024). In addition, this approach may require LLMs to have orders of magnitude more parameters
to outperform models designed for graphs (Ranjan et al., 2025), such as Graph Neural Networks (GNNs)
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Figure 1 An illustration of FMs as GFMs over specific topological and feature distributions, using the minimal graph
structure they operate on. Node colors correspond to token types, with each type undergoing distinct transformations
within the model. The GraphBFF is designed for general graphs and feature distributions, supporting any number of
token types.

(Gilmer et al., 2017; Kipf and Welling, 2017; Hamilton et al., 2017) and Graph Transformers (Dwivedi and
Bresson, 2021; Rampášek et al., 2022). We expand on the viewpoint of FMs as GFMs in Section 3.

In this work:

1. We present the Graph Billion-Foundation-Fusion (GraphBFF) - the first end-to-end framework for
building billion-scale parameters GFMs on arbitrary heterogeneous graphs, at real industrial scale and
settings.

2. We introduce the GraphBFF Transformer, a flexible, scalable and effective architecture for building
billion-scale GFMs. By leveraging two heterogeneous attention components and incorporating a sparse
softmax, our transformer efficiently supports real-world large-scale heterogeneous graphs. We formally
show that the two attention components of GraphBFF Transformer are necessary to increase its
expressiveness.

3. Using GraphBFF Transformer, we present the first neural scaling laws for arbitrary graphs in terms of
data and model size. These laws show strict model and data bottlenecks for GFMs, suggesting that
model and data must grow together, as previously observed in LLMs.

4. We show a wide range of practical and effective design choices, including batching, architectural choices
and pre-training, to support billion-scale models and graphs, including the introduction of KL-Batching
and Round-Robin Batching, new storage-level and gpu-level batching strategy for effective pre-training
of GFMs.

5. We perform an extensive evaluation of a 1.4 billion-parameter GraphBFF Transformer pretrained on
one billion samples from real-world graph data, using the GraphBFF framework. We examine ten
diverse, real-world industrial downstream tasks over graphs that were unseen during training, spanning
node- and link-level classification and regression, and report strong zero-shot and probing performance,
including in a few-shot setting. To the best of our knowledge, these are the first publicly available
insights from billion-parameter GFMs pre-trained on billion-scale arbitrary heterogeneous graphs.

6. We evaluate the GraphBFF Transformer as a task-specific model, decoupled from GFMs, and show
that it consistently outperforms existing task-specific heterogeneous graph transformers.

While absent from the public domain, many organizations maintain billion-scale graphs and many industrial
applications rely on large-scale graph data. Although we cannot release the data used in this research, our
goal is to provide a concrete, reproducible blueprint, backed by strong empirical evidence, for building effective
GFMs in practice. We discuss numerous new theoretical and methodological questions arising from our work,
and outlining key open challenges and promising directions for deploying effective GFMs.
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2 RelatedWork

Graph FoundationModels The public graph-data landscape still lacks billion-scale, diverse, high-quality data.
This scarcity constrains GFMs research and may partly explain why progress on training billion-parameter
GFMs lags behind other domains with abundant public data, such as text and vision (Bechler-Speicher et al.,
2025). Another core challenge in building GFMs, emphasized by recent GFM surveys Wang et al. (2025b), is
heterogeneity along three axes: (i) heterogeneity, (ii) structural heterogeneity, and (iii) task heterogeneity (e.g.,
node-, edge-, and graph-level tasks). A prominent line of works focuses on designing GFMs for specific types
of graphs with their specific tasks of interest, such as molecular graphs (Shoghi et al., 2024) or knowledge
graphs (Galkin et al., 2024). Another line of work focuses on feature heterogeneity, a challenge also central to
TabFMs (Gorishniy et al., 2021; Somepalli et al., 2022; Hollmann et al., 2022; Shaw et al., 2018; Hu et al.,
2020). Feature heterogeneity asks whether a pre-trained model can be applied to samples with previously
unseen feature sets. In practice, this often reduces to a technical mismatch between model parameters and
the input space, motivating approaches that restrict inputs to a predefined vocabulary (Mao et al., 2024;
Wang et al., 2025a). A different line of work extends TabFMs ideas to graphs, by partitioning features into
predefined groups (e.g., numerical, categorical, text) and enforcing shared transformations within each group
(Eremeev et al., 2025; Finkelshtein et al., 2025; Zhao et al., 2025; Ranjan et al., 2025; Liu et al., 2024).
While these strategies ensure dimensional compatibility for unseen node types, they can limit expressivity by
forcing semantically distinct features through the same transformation. This exposes an inherent trade-off:
grouping is a practitioner-driven design choice, and how to select it remains an open question. Importantly,
our framework is compatible with any of the above methods, and focuses at the billion-scale model parameters
and data.

LLMs for Graphs Recent work has explored whether frozen LLMs can be turned into graph reasoners by
serializing graphs into text and relying on in-context prompting. A systematic study by Fatemi et al. (2024)
shows that performance on basic graph tasks can be surprisingly brittle: it depends strongly on (i) the chosen
textual graph encoding, (ii) the prompt template, and (iii) even the graph structure itself and highlighting that
naive text encodings can make even classical graph primitives unreliable. In response, Perozzi et al. (2024)
propose GraphToken, which replaces hand-crafted text serialization with a small trainable graph encoder that
outputs soft prompt tokens prepended to a frozen LLM, yielding large gains on GraphQA while updating
only the encoder. Finally, CLRS-Text (Markeeva et al., 2024) converts algorithm execution traces, including
graph algorithms, into textual supervision to evaluate and train LLMs as generalist algorithm executors,
emphasizing out-of-distribution evaluation via procedural resampling.

Despite these advances, these approaches are not sufficient to constitute a GFMs. Text-serialization methods
remain constrained by context length and quadratic prompt growth for dense structure, and their robustness
hinges on non-canonical design choices in the serialization and prompting. GraphToken improves structured
injection, but still requires task-specific supervised training signals and access to model internals, to align
encoder outputs with the LLM embedding space, and its evidence is primarily on synthetic graph-reasoning
suites rather than broad, heterogeneous real-world graph distributions. CLRS-Text, while valuable for
benchmarking algorithmic reasoning, targets procedurally generated traces and shows limited extrapolative
generalization in autoregressive LLMs, i.e., it does not directly address the core GFM desiderata. Collectively,
these works suggest that “LLMs-for-graphs” can be powerful components , but do not remove the need for
GFMs trained to handle graph heterogeneity, scale, and transfer across domains.

Transformers on Graphs Applying Transformers to graphs requires choosing how to represent a graph as
tokens, for example by converting it into node and edge tokens arranged as a set or sequence (Dwivedi
and Bresson, 2021; Kreuzer et al., 2021; Zhang et al., 2020; Ying et al., 2021). Recent works show that
this design choice strongly influences both expressivity and scalability (Yehudai et al., 2025; Sanford et al.,
2023, 2024). To better capture topology, another dominant approach involves constraining or biasing the
attention mechanism. By employing graph-informed attention masks or structural biases, models can explicitly
inject graph-structure priors into the self-attention process (Ying et al., 2021; Veličković et al., 2018; Zhang
et al., 2020; Dwivedi and Bresson, 2021; Kreuzer et al., 2021; Rampášek et al., 2022). Heterogeneous graph
Transformers target graphs with multiple node and edge types, requiring relation-aware attention rather than
treating all edges uniformly. HGT conditions self-attention on node/edge types via type-specific projections
and relation-dependent parameters (Hu et al., 2020). Related heterogeneous attention models leverage schema
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structure through meta-path–guided aggregation, as in HAN and MAGNN (Wang et al., 2019; Fu et al., 2020).
See Shehzad et al. (2024) for a recent Survey on Graph Transformers.

3 Preliminaries

As in most foundation model settings, we assume a data universe from which both pre-training data and
downstream task data are drawn. In the general case, this universe can be represented as a heterogeneous
graph

G = (V, E , τ, ϕ)

where V is a set of nodes, E ⊆ V × V is a set of edges, τ : V → TV assigns each node a type from a finite set
of node types TV , and ϕ : E → TE assigns each edge a relation type from a finite set of edge types TE . A
heterogeneous graph is a graph with |TE | > 1 or |TV | > 1.
Each node v ∈ V is associated with an input feature vector xv ∈ Xτ(v) ⊆ Rdτ(v) , where Xτ(v) denotes the
feature support of node type τ(v). We assume that node features are drawn from a type-specific marginal
distribution xv ∼ Pτ(v) with supp(Pτ(v)) = Xτ(v), while the joint distribution over all node features may
exhibit arbitrary dependencies induced by the graph structure. Each edge e = (u, v) ∈ E , with relation type
r = ϕ(e), encodes a typed interaction between nodes u and v.

This general formulation recovers standard foundation model modalities as special cases. For LLMs, the
graph reduces to a directed, homogeneous path graph with |TV | = |TE | = 1, where nodes correspond to
token positions and node features take values in a finite discrete support corresponding to a vocabulary;
these discrete tokens are mapped to continuous embeddings xv ∈ Rd, typically augmented with positional
encodings derived from the underlying path structure. For example, in ViTs, the graph is a fixed, homogeneous
two-dimensional grid graph with |TV | = |TE | = 1, where edges connect spatially adjacent pixels, and each
node corresponds to a pixel carrying a three-dimensional RGB feature vector xv ∈ XRGB := {0, 1, . . . , 255}3.
We provide more examples and formulations in the Appendix.

In this work, we consider universes of arbitrary Gs. We discuss in the appendix the trade-offs in designing
G, and in Section 4.2 how extend it to accommodate new feature, node or edge types outside of it. G may
be a single connected graph or consist of multiple connected components, for example as a disjoint union
of graphs. Since this is a property of the data representation rather than a conceptual distinction relevant
to our framework, we treat G as a single graph, possibly with multiple connected components, and do not
distinguish between these cases in the remainder of the work.

We consider the node features xv to be the token inputs to the model, regardless of whether they are obtained
from raw data or through a learned tokenization, which is the standard for LLMs and recently suggested for
graphs as well (Wang et al., 2025a). For the rest of this paper, we refer to tokens simply as nodes. The initial
representation of a node is its initial features h

(0)
v ∈ Rdτ(v) . The representation of a node v ∈ V in layer

ℓ ∈ {1, . . . , L} is denoted by h
(ℓ)
v ∈ Rdℓ , where dℓ is the hidden dimension at layer ℓ. We denote by N a

v ⊆ V a
neighborhood (or context) of node v, defined as a set of nodes that are allowed to exchange information with v
according to some function a : V → 2V . Neighborhoods are not required to coincide with direct connectivity
between nodes. All attention mechanisms use scaled dot-product attention with head dimension dh = H/dℓ
where H is the number of attention heads. Bold lowercase letters denote vectors and bold uppercase letters
denote matrices.

4 The GraphBFF Transformer

In this section, we introduce GraphBFF Transformer used in our framework. GraphBFF Transformer is
designed for billion-parameter GFMs, training on billion-scale heterogeneous graphs, with feasible resources.
This design reflects three empirical properties of real-world heterogeneous graphs. First, node and edge type
distributions may be highly imbalanced. Second, rare relation types may carry disproportionately strong
signal, and third, nodes may have million-scale degrees.
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Figure 2 The GraphBFF Trans-
former block.

The GraphBFF Transformer updates node representations in each layer,
based on their neighborhoods in the graph. Each GraphBFF Trans-
former layer follows the standard transformer encoder block structure
(Vaswani et al., 2017), with residual connections, layer normalization, and
a feed-forward network (FFNs), while replacing the all-pairs self-attention
sub-block with two heterogeneous graph-aware masked attention modules.

The GraphBFF introduces the Type-Conditioned Attention (TCA)
which also builds on type-specific attention transformations as previously
suggested in Heterogeneous-Graph Transformer (HGT) (Hu et al., 2020),
with a small yet crucial difference: a sparse softmax is applied to each
type of neighbors separately, rather than to all neighbors at once. As
softmax computation is often a bottleneck in self-attention due to the need
to materialize and normalize the full attention matrix, leading to high
memory bandwidth and I//O costs when applied to large neighborhoods.

To enable cross-type attention, GraphBFF Transformer also introduces
a Type-Agnostic Attention (TAA) component, which applies a shared
attention among neighbors, with a sparse, fixed-degree neighbor sampling.
This guarantees that efficiency is preserved, while also reducing the risk
of overfitting to the graph structure in cases where the node degrees
follow highly non-regular distributions Bechler-Speicher et al. (2024).
Importantly, this component shares its attention matrices across all
edge types, therefore introducing a relatively small number of additional
parameters compared with the TCA component, yet it strictly increases
the model expressivity as we prove in Theorem 4.1. The final node representation in heterogeneous attention
block is then a learned combination of the TAA and TCA. See Figure 2 for an overview of the GraphBFF
Transformer block.

Type-Conditioned Attention (TCA) The TCA component performs masked self-attention operations within
neighborhoods N tca

v , limited to specific subsets of edge types. For a set S ⊆ TE , the node is allowed to attend
only to nodes within N tca

v that are connected to N tca
v through edge types in S. Multiple sets S can be defined,

and TCA applies an independent self-attention with respect to each set S, and then aggregates the resulting
representations into a single one. For example, TCA can simply be edge-type specific attention if N tca

v is set
to the direct neighbors of v, and each set corresponds to one edge type.

For every node u ∈ NS
v :

q(S,ℓ)
v = W

(S,ℓ)
Q h(ℓ)

v ∈ Rdh , k(S,ℓ)
u = W

(S,ℓ)
K h(ℓ)

u ∈ Rdh , v(S,ℓ)
u = W

(S,ℓ)
V h(ℓ)

u ∈ Rdh

where
W

(S,ℓ)
Q ,W

(S,ℓ)
K ,W

(S,ℓ)
V ∈ Rdℓ−1×dh

are key, query, and value projection matrices for layer ℓ for a subset of edge types S ⊆ TE . The attention
weights for set S are:

α(S,ℓ)
uv =

exp
(

(q(S,ℓ)
v )⊤k(S,ℓ)

u√
dh

)
∑

u′∈NS
v
exp

(
(q

(S,ℓ)
v )⊤k

(S,ℓ)

u′√
dh

)
The set-specific representation of node v for set S is:

h(ℓ,S)
v =

∑
u∈NS

v

α(S,ℓ)
uv v(S,ℓ)

u ∈ Rdh

The overall TCA representation of node v in layer ℓ is obtained by aggregating its set-specific representations
across all defined sets in S:

h(ℓ,tca)
v =

∑
S∈S, NS

v ̸=∅

h(ℓ,S)
v
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Type-Agnostic Attention (TAA) The TAA component performs self-attention between a node and all other
nodes in its TAA neighborhood N taa

v . It first projects all nodes to the same embedding dimension. This
component is parameter-efficient as the attention matrices are shared across all node types, yet it can be
expensive when applied to large neighborhoods. Therefore, we further apply a fixed sampling function q over
the neighborhood N taa

v , q : N taa
v → 2N

taa
v .

Formally, node representations are first mapped into a shared latent space. Each node type τ ∈ TV is
associated with a projection matrix

W(ℓ)
τ ∈ Rdℓ×dτ

, yielding
ĥ(ℓ)
v = W

(ℓ)
τ(v) h

(ℓ)
v ∈ Rdℓ .

We then use shared attention matrices across all nodes and edge types:

W
(ℓ)
Q ,W

(ℓ)
K ,W

(ℓ)
V ∈ Rdh×dℓ .

For any neighbor u ∈ Nv, we compute

q(ℓ)
v = W

(ℓ)
Q ĥ(ℓ)

v ∈ Rdh , k(ℓ)
u = W

(ℓ)
K ĥ(ℓ)

u ∈ Rdh , v(ℓ)
u = W

(ℓ)
V ĥ(ℓ)

u ∈ Rdh .

The type-agnostic attention weights are

β(ℓ)
uv =

exp
(

(q(ℓ)
v )⊤k(ℓ)

u√
dh

)
∑

u′∈N taa
v

exp

(
(q

(ℓ)
v )⊤k

(ℓ)

u′√
dh

) ,

and the resulting TAA embedding is

h(ℓ,taa)
v =

∑
u∈N taa

v

β(ℓ)
uv v(ℓ)

u ∈ Rdh .

Finally, the TCA and TAA embeddings are combined into a single output for node v, using an FFN Φ(ℓ):

h̃(ℓ)
v = Φ(ℓ)

(
h(ℓ,tca)
v , h(ℓ,taa)

v

)
∈ Rdℓ ,

Following the heterogeneous attention sub-block, h̃(ℓ)
v and z

(ℓ)
v are passed through the remaining components

of the transformer encoder block:

z(ℓ)v = LayerNorm
(
h(ℓ)
v + h̃(ℓ)

v

)
, h(ℓ+1)

v = LayerNorm
(
z(ℓ)v + FFN

(
z(ℓ)v

))
.

The next theorem shows that a GraphBFF Transformer with both TCA and TAA is strictly more expressive
than one lacking either component.

Theorem 4.1. Consider a GraphBFF Transformer layer with hidden dimension dℓ = d and number of
heads H, and heterogeneous attention sub-block TCA and TAA. Let FGraphBFF,FTAA,FTCA be the sets of
realizable functions by the GraphBFF Transformer with both TCA and TAA, with just TAA and with just
TCA, respectively. There exists a function f such that: f ∈ FGraphBFF but f /∈ FTAA and f /∈ FTCA.

We prove the theorem in the Appendix. To prove it, we construct a function that TCA fails to realize due to
softmax normalization within edge-type subsets effectively masking the relative cardinality of neighbor sets,
and TAA fails to realize due to shared parameters rendering it blind to specific edge-type distinctions, yet
TAA and TCA together can realize it. In Section 5 we show that using both TCA and TAA is also preferable
empirically, leading to better generalization.
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4.1 Pre-Training

In this section, we describe the pre-training methodology of GraphBFF, including self-supervision and
batching. Many self-supervised objectives have been proposed for graphs (Veličković et al., 2019; Hou et al.,
2023; You et al., 2020; Hu* et al., 2020), typically to inject stronger, task- or structure-specific inductive
biases. Inspired by recent results showing that scale can compensate for inductive bias (Brehmer et al., 2025;
Tay et al., 2022; Bahri et al., 2024) we conjecture that a simple masked link prediction (Kipf and Welling,
2016; Hou et al., 2022) applied at billion-scale is sufficient for obtaining effective GFMs.

Batching graph data is commonly used to enable machines with constrained memory to load and process
large-scale graphs. Since we address heterogeneous and potentially type-skewed graphs, we want to ensure
that training is done over batches that represent the graph well, specifically, distribution of nodes and edges.
Furthermore, the type-skewness of the graphs might result in biased training due to highly common edge
types, and noisy gradients for rare types.

To address these issues, we deploy a two stage batching process. First, we pre-process the graph into batches of
edges using a novel KL-Batching algorithm. This is achieved by first partitioning large connected-components
through clustering and then greedily aggregating clusters that are the most similar to the overall graph
distribution, using KL-divergence as a measure of distribution similarity, until reaching desired batch size.
This way, we have batches, each having a similar distribution to the large graph, and at the required size to
fit the machine memory.

The second batching is Round-Robin Batching which happens during pre-training. GPUs can handle much
smaller batches, and in order to make sure common edge-types doesn’t overwhelm the training dynamics, we
group edges by type, and iterate over groups from different types in a fixed cyclic order.

Storage-level batching As transferring data from storage into memory is costly, we aim to maximize batch
size while respecting a memory budget M . Standard practice is to partition the graph into clusters (Chiang
et al., 2019), e.g., via Leiden (Traag et al., 2019), however, such methods result in varying cluster size and
node/edge-type distribution. This may result in non-representative clusters, and in case of large effective
batch sizes in multi-machine pre-training, under-fill the batch capacity and create early distributional bias
that destabilizes optimization. To address this, we propose KL-Batching, which operates as follows (1) use a
graph clustering algorithm to partition the graph into small, disjoint clusters, (2) compute, for each cluster
an empirical distribution pk over a chosen categorical attribute (e.g., node or edge type) and measures its
representativeness via KL(pk∥pG) against the global reference distribution pG (optionally combining multiple
attributes with weighted KL terms), (3) constructs batches by greedily aggregating whole clusters into
batches, by increasing KL value, until the estimated batch cost reaches the memory limit M . This yields
memory-efficient batches that better match global type distributions and utilize memory more effectively.

GPU-level batching KL-batching yields batches that can be loaded into memory, but must be further subdivided
into mini-batches that fit GPU memory. Randomly splitting the KL-batches for highly skewed graph may
produce mini-batches overwhelmingly composed of common edge types, yielding a biased training signal
and noisy gradients for rare relations. To avoid this, we propose Round-Robin Batching (RRB). In RRB,
we group supervision edges by their type, and iterate over types in a fixed cyclic order. At each step, we
form a mini-batch by sampling supervision edges (and their negative counterparts) of the current type, and
materialize their neighborhoods from the KL-batch, excluding the supervised edges themselves. This simple
scheduling leads to more stable training and better coverage of the heterogeneous edge-type space.

4.2 Fine-Tuning and Extending G
Fine-tuning can be performed in both supervised and unsupervised settings, and serves several distinct use
cases. The most straightforward scenarios involve adapting a pretrained GraphBFF to new data drawn
from the same underlying universe, or multi-task supervised training to improve performance on one or
more downstream tasks. In all of these cases, standard parameter-efficient fine-tuning methods such as
LoRA (Hu et al., 2022) can be applied to GraphBFF with the additional flexibility of constraining updates
to specific type-indexed matrices for node and edge types, and to selected sub-modules such as the TAA or
TCA components.
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Model Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 Task 7 Task 8 Task 9 Task 10
-Context PRAUC PRAUC PRAUC PRAUC PRAUC PRAUC MAE PRAUC PRAUC PRAUC

T
as

k
-S

p
ec

ifi
c

NN 65.61±1.01 72.06±0.01 51.43±0.01 63.05±3.80 91.20±4.00 58.51±0.35 0.032±0.01 85.76±1.21 63.66±3.26 55.48±0.79

HGT-1 61.23±1.95 66.85±2.27 71.83±0.20 90.43±0.18 60.99±12.3 71.06±2.02 0.236±0.02 69.54±1.21 30.08±5.99 60.78±0.49

HAN-1 61.73±1.85 62.83±1.50 64.12±0.88 94.70±0.30 76.34±5.81 70.10±0.94 0.083±0.01 67.64±2.35 36.87±2.31 60.59±3.28

GraphBFF-1 64.77±1.70 67.94±0.24 73.86±0.71 95.34±0.51 75.70±4.12 75.47±0.69 0.073±0.01 72.47±4.75 42.62±4.80 62.92±3.22

HGT-2 64.73±0.61 72.34±0.86 71.94±3.31 95.02±1.41 63.26±18.8 72.86±2.18 0.186±0.02 70.67±0.87 30.71±7.18 58.63±3.55

HAN-2 61.65±1.88 76.26±0.79 67.14±0.96 94.70±5.87 43.26±5.97 69.74±0.95 0.161±0.01 59.38±2.04 31.92±13.9 63.23±2.03

GraphBFF-2 69.81±1.51 81.48±0.66 79.45±1.82 94.41±2.61 63.15±3.97 72.29±4.21 0.156±0.02 71.13±3.78 37.41±4.75 63.76±3.03

HGT-3 76.88±2.14 77.66±0.16 67.67±0.95 91.75±0.15 45.59±4.55 69.51±2.56 0.135±0.01 71.18±0.78 33.88±6.76 57.85±3.83

HAN-3 74.32±0.96 74.75±3.21 72.47±1.18 94.83±0.69 53.98±17.5 69.46±1.74 0.138±0.02 70.23±1.08 30.71±9.95 57.58±2.21

GraphBFF-3 74.42±1.74 79.34±2.17 80.15±1.75 93.56±0.49 54.16±0.01 69.65±1.19 0.146±0.03 78.83±2.80 42.54±3.40 63.24±2.39

1
S
h
ot GFM-1 50.07±0.03 47.99±0.72 59.34±6.40 93.96±1.26 90.10±5.21 73.79±0.68 0.059±0.09 72.19±6.71 63.48±11.43 77.22±1.37

GFM-2 51.11±2.03 60.52±1.87 48.48±2.25 91.28±0.10 97.61±1.02 74.29±1.48 0.072±0.21 78.44±1.12 59.22±10.84 76.77±1.30

GFM-3 62.18±1.20 53.98±4.55 36.38±5.10 88.88±4.09 34.26±0.63 70.41±0.49 0.039±0.02 48.56±2.22 49.52±11.21 54.36±2.83

2
S
h
ot GFM-1 60.69±1.65 60.97±6.12 40.93±1.70 94.11±2.52 93.25±1.10 48.79±2.10 0.052±0.04 82.37±1.64 76.32±3.74 74.30±1.02

GFM-2 66.24±1.96 62.09±2.79 58.84±3.58 90.28±0.95 78.21±0.28 55.52±2.40 0.071±0.24 77.85±0.46 81.55±0.15 62.66±1.51

GFM-3 43.51±1.37 58.51±0.71 67.95±4.00 87.88±2.81 82.63±3.92 71.86±0.91 0.038±0.03 82.81±0.03 66.04±0.70 62.24±1.01

5
S
h
ot GFM-1 59.97±6.31 59.74±2.87 41.53±3.23 85.05±1.32 85.70±9.48 64.82±0.65 0.037±0.02 82.81±0.03 88.84±0.38 76.90±0.71

GFM-2 60.03±2.69 55.79±1.65 64.41±1.35 84.96±1.33 79.94±0.01 44.71±1.35 0.025±0.02 74.01±1.09 79.98±0.46 62.01±8.98

GFM-3 68.45±0.71 51.89±1.52 63.43±1.26 96.10±0.31 54.84±3.49 67.95±0.34 0.028±0.01 79.41±0.17 70.02±0.41 57.80±0.85

10
S
h
ot GFM-1 65.41±0.28 57.25±0.56 45.77±1.80 98.75±0.06 79.33±2.31 62.55±1.85 0.036±0.01 83.86±0.17 87.36±0.08 81.55±2.92

GFM-2 58.45±0.46 53.06±1.36 63.33±1.91 96.49±0.12 81.57±6.15 74.08±0.35 0.023±0.01 76.61±3.05 78.85±0.33 42.10±0.01

GFM-3 55.54±1.27 83.86±0.40 58.16±2.40 96.47±046 90.07±1.12 67.97±1.33 0.027±0.01 93.92±0.08 76.25±0.73 75.25±1.32

P
ro

b
in

g GFM-1 84.07±0.37 82.58±0.01 83.03±0.07 98.31±0.21 60.70±0.39 75.85±1.90 0.021±0.01 91.48±0.92 95.19±0.20 79.65±1.46

GFM-2 83.50±0.13 85.73±0.05 84.36±0.04 98.36±0.25 83.93±0.69 82.05±0.04 0.018±0.01 92.78±0.20 89.03±0.58 60.77±4.64

GFM-3 88.13±0.15 83.00±0.01 86.14±0.11 99.48±0.19 95.60±0.32 75.54±1.04 0.021±0.01 95.39±0.23 85.70±0.56 78.48±0.01

Table1 A comparison between the GFM with up to 2 layers NN prediction head (Probing) and task-specific heterogeneous
transformers (GraphBFF, HGT, HAN). For each model, we compare 3 context sizes corresponding to ego-graphs of
varying radius centered on the target node or edge. The best performance overall is highlighted in bold. The best
performance for each context size for the task-specific baselines is highlighted in blue, green and red.

Downstream tasks may introduce features, node types, or edge types that were not included in G as they did
not exist during pre-training, or as a modeling choice, for example if these types very sparse over the graph, or
relevant only to a small amount of downstream tasks. An approach to avoid the need to extend G, is to map
new features or node types into existing ones. These approaches were extensively researched in the TabFMs
domain, with recent works applying them to graphs as well. We discuss these approaches in Section 2. In an
extension of G, we extend it to a richer universe G′ with new features or types, by introducing new learned
weights to the GraphBFF Transformer. We then train these weights through fine-tuning, possibly with the
rest of the model frozen (Tai et al., 2020). This approach may be preferable when some feature or node types
are relevant for only a small fraction of downstream tasks, or when they occur in only a small fraction of the
data.

5 Probing, Few-Shot and Zero-Shot

In this section, we present an extensive evaluation of a 1.4 billion-parameters GraphBFF Transformer
pre-trained on one billion samples. We evaluate it over diverse downstream tasks, spanning node and edge
level classification and regression. We consider probing, few-shot probing, and zero-shot settings. We also
perform an ablation study, evaluating a GraphBFF Transformer with only the TCA or the TAA components.

5.1 Setting and data

We pre-trained a 1.4 billion-parameters GraphBFF Transformer using the complete GraphBFF recipe,
on one billion edges sampled from the same graph used in Section 6. This graph has ∼50 billion nodes and
edges, 12 node types and 20 relation types, including financial, social, business, infra, and more. Each node
type is associated with its own features. As the neighborhoods for the GraphBFFTransformer, we use
direct neighbors for N tca , i.e., nodes connected by a single edge. For N taa, we use nodes within two hops of
the target node. Within the TAA component, sampling function q selects up to 10 random neighbors per
hop. This accommodates graph scale and mitigates structural overfitting, a common issue for sparse graph
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Figure 3 Performance across Tasks 1–10 under different data settings: 1/2/5/10-shot and full-data. Lines show
GFM-1/2/3. Markers at the full-data point indicate task-specific baselines with context size encoded by marker shape.

transformers operating on large-variance node-degree distributions Bechler-Speicher et al. (2024). The TCA
component is the primary driver of model capacity, comprising about 85/Pre-training used eight Nvidia B200
machines and was completed in just 12 hours with 64 GPUs.

We use 10 diverse real-world industrial tasks including node and edge classification and regression, denoted
as Task1 to Task10, where tasks 1−7 are node-level tasks, and tasks 8−10 are edge-level tasks. The tasks
span finance, security, social and Attribution tasks, and defined over different node and edge types. As
evaluation metrics, we use PRAUC for classification and MAE for regression. All the tasks’ graphs are not
part of the pre-training data, nor their nodes are connected to nodes in the pre-training data. All tasks are
out-of-distribution with respect to the pre-training data. The amount of labels for the full data setting ranges
from a minimum of 98 samples in Task 4 to a maximum of 50k labels in Task 5. Across the evaluation, we
used as context for the GFM the ego-graph (Stanley Wasserman, 1994) centered around target nodes or edges.
We evaluate ego-graph denoted as k-hops with radius k∈{1, 2, 3} to also examine how the context size affects
performance. Each task has its own train (80%) validation (10%) and test (10%) splits. We perform a grid
search with 52 hyper-param configurations for each setting, select the best configuration over the validation
set, and report the mean and standard-deviation (std) of the measured metric over the test set with 3 random
seeds using the selected configuration. All task evaluations uses a grid search with layers in {1, 2}, hidden
dimensions in {64, 128, 256}, dropout ratio in {0, 0.2, 0.6}, learning rate in {0.001, 0.0001, 0.0005}. We use
1000 epochs with early stopping on the validation loss, with patience of 200 steps.

Full-Data probing setup We evaluate all ten tasks using (i) one-layer linear probes and (ii) up to two-layer
non-linear probes. The GFM weights remain frozen and only the probe is trained. In particular, we train a
vanilla feed-forward NN probe on top of the frozen GFM and compare it against other models of the same
size trained on the same data. We compare against a feed-forward neural network (NN) probe, HGT (Hu
et al., 2020), HAN (Wang et al., 2019), and a GraphBFF Transformer. Note that these graph-transformer
baselines are trained on the input graph information, namely, the task-specific graph structure. In contrast,
in the GFM probing setup these are only forwarded through the frozen GFM, and the NN probe is trained
solely on the resulting GFM output embeddings.

Few-Shot probing setup For few-shot, we examine the performance of the NN probe over the GFM with 1,2, 5
and 10 training samples from class, randomly sampled from the training set. For regression, we use 1,2, 5 and
10 samples.

Zero-Shot setup For zero-shot, we evaluate the link-prediction tasks using the frozen link-prediction head
of the pre-trained GFM. Node-level zero-shot is not well-defined for nodes with a feature dimension that
is different than the task prediction dimension. The same issue arises in vision tasks, as the ViT output is
in high dimension, and some projection to the label space must be learned. As recently noted by Eremeev
et al. (2025), existing “zero-shot” node level evaluation uses labeled data from the pre-training graph, similarly
to transduction settings, which essentially violates the definition of zero-shot prediction. Moreover, this
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Model Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 Task 7 Task 8 Task 9 Task 10
-Context PRAUC PRAUC PRAUC PRAUC PRAUC PRAUC MAE PRAUC PRAUC PRAUC

TCA-only-1 80.92±0.48 79.86±0.22 80.41±0.31 97.62±0.28 56.44±0.55 71.03±1.62 0.027±0.01 88.73±0.61 90.84±0.41 73.28±1.81

TCA-only-2 79.71±0.29 82.63±0.18 81.92±0.20 97.71±0.33 79.54±0.74 77.14±0.34 0.024±0.01 89.86±0.33 84.62±0.77 55.33±3.90

TCA-only-3 84.65±0.25 80.34±0.12 83.02±0.19 98.84±0.23 91.02±0.46 70.92±1.21 0.026±0.01 92.18±0.28 80.61±0.68 72.05±0.82

∆best -3.48↓ -3.10↓ -3.12↓ -0.64↓ -4.58↓ -4.91↓ +0.006↑ -3.21↓ -4.35↓ -6.37↓

TAA-only-1 61.44±0.72 58.92±0.41 60.23±0.55 90.35±0.66 41.08±0.83 52.77±2.05 0.044±0.02 72.61±1.10 77.43±0.95 49.92±2.40

TAA-only-2 59.80±0.54 62.15±0.49 61.07±0.43 90.61±0.58 58.02±1.10 56.48±0.88 0.041±0.02 74.38±0.84 70.05±1.22 38.40±4.95

TAA-only-3 64.92±0.49 59.61±0.37 62.84±0.46 92.18±0.44 71.35±0.92 52.10±1.67 0.043±0.02 78.92±0.63 66.21±1.31 47.38±1.73

∆best -23.21↓ -23.58↓ -23.30↓ -7.30↓ -24.25↓ -25.57↓ +0.023↑ -16.47↓ -17.76↓ -29.73↓

Table 2 Ablation study of the GFM components evaluation the full-data probing performance of using only TCA or
TAA. ∆best denotes the performance margin between the best-performing context configuration in the ablation and
the overall best performance achieved by the full GFM architecture as reported in Table 1.

Model Task 8 Task 9 Task 10
- Context PRAUC PRAUC PRAUC

GFM-1 54.23 77.13 73.05
GFM-2 55.35 39.48 53.21
GFM-3 49.89 41.16 73.84

Table 3 Zero-shot link prediction using the GFM’s pre-trained link predictor on three link-classification tasks. We
evaluate three context sizes, corresponding to ego-graphs of varying radius centered on the target edge.

evaluation is not possible if inference tasks data have no intersection with the pre-training data at all, as in
our case. Therefore, for the node-level tasks we perform zero-shot separation analysis instead.

5.2 Results

The probing and few-shot results, detailed in Table 1 and Figure 3, demonstrate the significant performance
gains enabled by the GFM. Most notably, we find that a simple NN probing head applied to frozen GraphBFF
representations consistently outperforms all task-specific models trained from scratch. Specifically, GFM
Probing achieves the best overall performance in 10 out of 10 tasks, frequently surpassing the highest
task-specific baseline by margins exceeding 10% in metrics like PRAUC. For instance, in Task 1, the best
task-specific model (GraphBFF-3) reaches 74.42, while the GFM Probing achieves 88.13. This consistent
dominance suggests that the GFM effectively captures a generalized structural and semantic language of the
graph that supervised models struggle to learn in isolation. A particularly striking example is found in Task
9, where the best task-specific model (GraphBFF-1) reaches only 42.62 PRAUC, while the GFM Probing
achieves 95.19—representing a gap of over 52 points. The necessity of the full GraphBFF Transformer
architecture is supported by Table 2, where isolating the TCA or TAA components leads to a consistent
performance drop across all 10 tasks. Nonetheless, even when isolating the TCA component, the model
outperforms all task-specific baselines across all tasks.

Interestingly, the results indicate that increasing the context size does not lead to monotonic improvements.
In Task 2, for example, a 2-hop context (GraphBFF-2 at 81.48) provides stronger generalization than 3
hops (GraphBFF-3 at 79.34), and this pattern is even more pronounced in the GFM Probing where GFM-2
achieves 85.73 compared to 83.00 for GFM-3. This may occur if larger neighborhoods introduce structural
noise.

Within the category of task-specific baselines, GraphBFF consistently emerges as the strongest performer
compared to HGT and HAN. GraphBFF outperforms both HGT and HAN in 8 out of 10 tasks when
comparing their best respective context sizes, proving to be a robust backbone not only for foundation
modeling but also for direct supervised applications.

Our few-shot analysis reveals that GFM representations are highly expressive even with minimal supervision.
While performance generally improves with more data, we observe that the increase from 1-shot to 10-shot
is not always monotonic, echoing findings in other domains (Luo et al., 2023; Radford et al., 2021) where
low-shot regimes can be sensitive to the specific samples selected. Despite this, the 10-shot GFM performance
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Figure 4 Zero-shot separation for the datasets 1-6. The raw features and GFM embeddings for context sizes 1 2 and 3
are projected to 2D space using PCA, and the points are colored according to their label.

frequently rivals or exceeds the full-dataset performance of standard HGT and HAN models. A striking
example is seen in Task 9, where the 10-shot GFM-1 (87.36) outperforms all versions of HGT and HAN
trained on the full dataset, which fail to break the 40.00 PRAUC barrier, underscoring the efficiency and
superior feature alignment of the learned foundation representations.

Figure 4 presents the zero-shot separation results for Task 4. The separation for the rest of the tasks show
similar trends and are deferred to the Appendix due to space limitations. With just the raw features, we do
not observe meaningful separation between the positive and negative classes. In contrast, the GFM yields
strong zero-shot separation. The zero-shot link-prediction performance are presented in Table 3. For Task 10,
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(a) Validation loss as a function of
the model size, for a fixed data size.

(b) Validation loss as a function of
the data size, for a fixed data model.

(c) Validation loss as a function of
the model size and data size.

Figure 5 The early-stop validation loss as a function of model size and data size. The dashed lines are obtained by
fitting the exponents in Equation (1). Loss decreases predictably depending on the model and data size, across 5
orders of magnitudes.

GFM in the zero-shot setting performs strictly better than all GNN baselines, even though those baselines are
trained on the full task dataset, with an absolute improvement of 10.08 points.

6 Neural Scaling Laws

In this section, we present the first neural scaling laws for GFMs on general heterogeneous graphs. Prior works
on LLMs have shown that test loss follows predictable power-law relationships in both model size and data size,
with clear transitions between data-limited and model-limited regimes as one of these resources is held fixed
and the other is scaled (Kaplan et al., 2020). Here we show that GFMs follow the same trends, and show that
gains are smooth when scaling model and data together, but saturate when one is fixed. Test loss continues
to decrease in a predictable manner when both model capacity and training data are increased jointly; by
contrast, holding either capacity or data fixed while scaling the other leads to a clear diminishing-returns
regime.

6.1 Setup

We begin with necessary notation, aligned with the notation in Kaplan et al. (2020). Let N denote the number
of model parameters and let D denote the number of distinct supervised training edges, see the Appendix
for discussion on the definition of D. For each pair (N,D), we define L(N,D) to be the best validation loss
achieved when training on exactly D samples with a model of size N . We fit the joint scaling-law form from
Kaplan et al. (2020):

L(N,D) = L∞ +

(
Nc

N

)αN

+

(
Dc

D

)αD

, (1)

where L∞ is the irreducible loss floor. Here, Nc and Dc are normalization constants that characterize the
model and data scales at which the corresponding terms begin to dominate the loss, and are estimated by
fitting the scaling law to empirical performance curves. Overall, we fit five parameters: the irreducible loss
floor L∞, the normalization constants Nc and Dc, and the scaling exponents αN and αD. Therefore, we
demonstrate that with only 5 parameters, the scaling law effectively models the validation loss across multiple
orders of magnitude in both model size and dataset size.

We fit scaling behavior using logarithmically spaced data sizes with ∆log10 D ≈ 0.5, and model sizes with
∆log10 N ≈ 0.45, providing sufficient resolution to reliably estimate scaling exponents across regimes. We
consider nine model sizes spanning four orders of magnitude:

N ∈ {1.0× 106, 2.8× 106, 7.9× 106, 2.2× 107, 6.3× 107, 1.77× 108, 4.97× 108, 1.4× 109, 3.92× 109}
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, and eight data sizes spanning five orders of magnitude:

D ∈ {3× 105, 106, 3× 106, 107, 3× 107, 108, 3× 108, 109}.

The data is sampled from a graph with ∼50 billion nodes and edges, with 12 node types and 20 relation
types, including financial, social, business, infra, and more. Each node type is associated with its own features.
For each (N,D) configuration, we train a GraphBFF Transformer using the complete GraphBFF recipe.
We use four learning rates optimize with a sufficient number of epochs as done in Kaplan et al. (2020). We
evaluate the loss on a fixed holdout set of approximately 6 million edges, drawn from a connected component
that is not part of the training data. Each training step processes a batch of 1024 supervised edges. For a
given data size D, we define one epoch as a single pass over the D distinct training edges, corresponding
to ⌈D/1024⌉ optimization steps. Learning-rate schedules are parameterized by the total number of training
steps for each run, with a warmup phase (1–3% of steps) as in Hoffmann et al. (2022). The model and
neighborhoods definitions are the same as in Section 5.

6.2 Results

Figure 5 shows that the loss L(N,D) varies predictably with the dataset size D and model size N according to
Equation (1). This figure reveals both data- and model-bottlenecks: beyond a certain point, increasing D at
fixed N yields negligible improvements in loss, and likewise increasing N at fixed D eventually provides little
benefit. These results show that continued loss reductions require scaling data and model capacity together.
The test loss L(·) of a GraphBFF Transformer can be predicted using a power-law when performance is
limited by N or D. For models with a limited number of parameters, trained to convergence on sufficiently
large datasets:

L(N) =

(
Nc

N

)αN

, αN ≈ 0.703, Nc ≈ 2.1× 104

For large enough models trained with a limited dataset size:

L(D) =

(
Dc

D

)αD

, αD ≈ 0.188, Dc ≈ 4.7

We also observe that larger GFMs attain a given test loss using fewer training examples than smaller models.

7 Discussion and FutureWork

Many new questions arise from our work.

Defining the pre-training universe G While it is always possible to merge all available graphs into a single
pre-training corpus, it is unclear whether this is optimal, and whether it would yield the best generalization
across downstream tasks. This is not only a question of transferability between graphs, but also of how
pre-training dynamics are shaped by long-tail distributions over nodes and edges. In particular, rare types in
the tail may matter only for a small subset of downstream tasks, it remains unclear whether they should be
prioritized during pre-training or reserved for task-specific fine-tuning.

A related challenge concerns the definition of node type and feature groups. We discussed grouping features
to ensure applicability to previously unseen features, as done in Tabular FMs. In graphs, the same approach
can be also done on the node-type level, on on combination of the two. However, this may come at the cost of
expressivity. It would therefore be very interesting to derive concrete rules, potentially as a function of feature,
node-type distributions and sparsity with respect to target downstream tasks, for selecting an appropriate
level of granularity.
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Compute-Optimal Allocation In ViTs and LLMs scaling-laws, the context size is fixed and therefore compute
is well-approximated by O(N ·D) where N represents the number of parameters and D represents the number
of training tokens (Hoffmann et al., 2022). This abstraction allows for the derivation of precise compute-optimal
frontiers, as the cost per "unit of data" remains constant. In graph models with neighborhood-based context,
the computational cost per supervised edge depends on the size of the sampled subgraph, which in turn
depends on graph structure. As a result, total pre-training compute cannot be expressed as a universal function
of the labeled data and model size alone. Therefore, any compute-optimal conclusions must be interpreted
as conditional on the underlying graph and sampling distribution, rather than as universal prescriptions.
It would be very valuable to design compute-allocation measures for GFMs, which are transferable across
different graphs.

8 Conclusion

This work advances the Graph Foundation Models (GFMs) paradigm by presenting GraphBFF - the
first end-to-end recipe for training billion-parameter GFMs over billion-scale heterogeneous graphs. We
introduced the GraphBFF Transformer, a scalable architecture tailored to the practical constraints and
statistical properties of real-world graphs, and we established the first empirical scaling laws for general
graphs, highlighting coupled data–model bottlenecks and predictable improvements when both are scaled
jointly. We demonstrated the effectiveness of GraphBFF across extensive experiments. We showed that a
1.4 billion-parameter GraphBFF Transformer pretrained on over one billion samples achieved consistent and
often substantial gains across diverse downstream tasks, including strong probing, few-shot, and zero-shot
performance on graphs unseen during training.
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A Proof of Theorem 4.1

Here we prove Theorem 4.1.

Proof of Theorem 4.1. Fix a node v ∈ V and let N taa
v be its TAA neighborhood. For any set of edge

types S ⊆ TE , let N S
v ⊆ N tca

v denote the S-masked neighborhood. In particular, with N tca
v = N taa

v and
S =

{
{r⋆}, {r′}

}
we have two disjoint masked neighborhoods N {r⋆}

v and N {r′}
v .

Consider a family of graphs where all node types are identical (so the type projection W
(ℓ)
τ(v) can be taken

as the identity without loss of generality), and where each neighbor u ∈ N taa
v has a one-dimensional feature

xu ∈ {0, 1}, i.e., h(ℓ)
u = xu.

Define the two scalars

a(v) :=
1

|N {r⋆}
v |

∑
u∈N{r⋆}

v

xu, b(v) :=
1

|N taa
v |

∑
u∈N taa

v

xu.

Fix any ε ∈ (0, 1
4 ) and define the continuous “soft-threshold” function

sε(t) := clip

(
t− ( 12 − ε)

2ε
, 0, 1

)
, clip(z, 0, 1) := min(1,max(0, z)).

Define the target
f̃(v) := sε(a(v)) + sε(b(v)).

.

f̃ ∈ FGraphBFF

(i) TAA computes b(v). Choose the (shared) TAA attention parameters so that all attention logits are equal.
It suffices to set W

(ℓ)
Q = 0 and W

(ℓ)
K = 0, so that for every u ∈ N taa

v the score (q(ℓ)
v )⊤k(ℓ)

u√
dh

is constant and thus

β(ℓ)
uv =

1

|N taa
v |

.

Set W
(ℓ)
V so that the first coordinate of v(ℓ)

u equals xu. Then the first coordinate of h(ℓ,taa)
v is exactly∑

u∈N taa
v

β(ℓ)
uv xu = b(v).

(ii) TCA computes a(v), and uses
∑

over sets. For the set S = {r⋆}, set W
({r⋆},ℓ)
Q = 0 and W

({r⋆},ℓ)
K = 0 so

the softmax is uniform on N {r⋆}
v :

α({r⋆},ℓ)
uv =

1

|N {r⋆}
v |

.

Choose W
({r⋆},ℓ)
V so that the first coordinate of v({r⋆},ℓ)

u equals xu. Then the first coordinate of h(ℓ,{r⋆})
v

equals a(v).

For S = {r′}, set W
({r′},ℓ)
V = 0 so that h

(ℓ,{r′})
v = 0. Since in this variant the set-aggregation is sum,

h(ℓ,tca)
v =

∑
S∈S

h(ℓ,S)
v = h(ℓ,{r⋆})

v + h(ℓ,{r′})
v = h(ℓ,{r⋆})

v ,

so h
(ℓ,tca)
v contains a(v) in a fixed coordinate.
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(iii) A ReLU-MLP readout computes f̃(v) exactly from (a(v), b(v)). Consider the 2-layer ReLU network (one

hidden layer) taking input x =

[
a
b

]
and producing output f̃ :

h = ReLU(W1x+ b1), f̃ = W2h+ b2,

with

W1 =


1
2ε 0
1
2ε 0
0 1

2ε
0 1

2ε

 , b1 =


1
2 − 1

4ε

− 1
2 − 1

4ε
1
2 − 1

4ε

− 1
2 − 1

4ε

 , W2 =
[
1 −1 1 −1

]
, b2 = 0.

This implements

f̃ =
(
ReLU(z(a))− ReLU(z(a)− 1)

)
+

(
ReLU(z(b))− ReLU(z(b)− 1)

)
= sε(a) + sε(b),

where z(t) =
t−( 1

2−ε)

2ε and we use the identity clip(z, 0, 1) = ReLU(z)− ReLU(z − 1). Thus, choosing Φ(ℓ) to
contain the above ReLU-MLP yields f̃(v). Hence f̃ ∈ FGraphBFF.

f̃ /∈ FTAA

We build two graphs that any TAA-only model must map to the same output at v, yet f̃(v) differs. Let
N taa

v = {u1, u2} and set (xu1 , xu2) = (1, 0). Define two graphs GA,GB that are identical except for swapping
edge-type labels:

ϕ((u1, v)) = r⋆, ϕ((u2, v)) = r′ in GA, ϕ((u1, v)) = r′, ϕ((u2, v)) = r⋆ in GB .

Then b(v) = 1
2 in both graphs, while a(v) = 1 in GA and a(v) = 0 in GB . Since ε < 1

2 , we have sε(1) = 1 and
sε(0) = 0, and also sε(

1
2 ) =

1
2 . Therefore

f̃GA
(v) = 1 + 1

2 = 3
2 , f̃GB

(v) = 0 + 1
2 = 1

2 ,

so f̃GA
(v) ̸= f̃GB

(v).

However, under the stated TAA parameter sharing W
(ℓ)
Q,r = W

(ℓ)
Q , W(ℓ)

K,r = W
(ℓ)
K , W(ℓ)

V,r = W
(ℓ)
V for all

r, the TAA computation at v depends only on the multiset of neighbor representations {ĥ(ℓ)
u : u ∈ N taa

v }
and is invariant to swapping edge-type labels. Since this multiset is identical in GA and GB, the TAA-only
embedding at v is identical, and any (deterministic) MLP readout must output the same value on both graphs,
a contradiction. Therefore f̃ /∈ FTAA.

f̃ /∈ FTCA

We build two graphs that any TCA-only model must map to the same output at v, yet f̃(v) differs, using
only that each set-specific TCA vector h

(ℓ,S)
v is a softmax-weighted average over {h(ℓ)

u : u ∈ N S
v }.

Construct two graphs GC ,GD such that

xu = 1 ∀u ∈ N {r⋆}
v , xu = 0 ∀u ∈ N {r′}

v ,

and the only difference is the neighborhood cardinalities:

|N {r⋆}
v | = 1, |N {r′}

v | = 3 in GC , |N {r⋆}
v | = 3, |N {r′}

v | = 1 in GD.

Then a(v) = 1 in both graphs, but
bGC

(v) = 1
4 , bGD

(v) = 3
4 .

With ε ∈ (0, 1
4 ), we have sε(

1
4 ) = 0 and sε(

3
4 ) = 1, and sε(1) = 1. Thus

f̃GC
(v) = sε(1) + sε(

1
4 ) = 1 + 0 = 1, f̃GD

(v) = sε(1) + sε(
3
4 ) = 1 + 1 = 2,
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so f̃GC
(v) ̸= f̃GD

(v).

Now consider any TCA-only instantiation. For S = {r⋆}, all nodes in N {r⋆}
v have the same input representation

h
(ℓ)
u = 1, hence the projected values v

(S,ℓ)
u = W

(S,ℓ)
V h

(ℓ)
u are identical across u ∈ N {r⋆}

v , and similarly for
S = {r′} (with h

(ℓ)
u = 0). Therefore, in each set S, the attention output

h(ℓ,S)
v =

∑
u∈NS

v

α(S,ℓ)
uv v(S,ℓ)

u

is the same in GC and GD, because it is a convex combination of identical vectors (and thus does not depend
on |N S

v |). Consequently, for every S ∈ S, the vectors h
(ℓ,S)
v match between GC and GD, and so does their sum

h(ℓ,tca)
v =

∑
S∈S

h(ℓ,S)
v .

Hence any TCA-only model (followed by any MLP readout) must output the same value at v on GC and GD,
contradicting f̃GC

(v) ̸= f̃GD
(v). Therefore f̃ /∈ FTCA.

B KL-Batching Additional Formulation

Here we formulate and describe in details KL-Batching. As loading data from storage into memory is relatively
slow, we aim to minimize the number of such transfers. We therefore maximize the mini-batch size subject to
the available memory budget, denoted by M .

A common strategy for forming mini-batches from large graphs is to first partition the graph into clusters Chiang
et al. (2019), e.g., using the Leiden algorithm (Traag et al., 2019), which scales to billion-edge graphs and
optimizes modularity efficiently. However, cluster sizes can vary substantially, and the node/edge type
composition within a cluster can deviate markedly from the global data distribution. In pre-training, we
typically optimize on only a subset of the full graph (e.g., 1B nodes sampled from a 100B-node graph). In
this regime, randomly selecting clusters to load into memory can (i) underutilize the desired batch size B
due to cluster-size variance, induce distributional bias when early updates are dominated by a few atypical
clusters and lead to unstable training (Zeng et al., 2020; Bengio et al., 2009). This effect is amplified in
multi-machine training, where the effective batch size per optimization step can reach tens to hundreds of
millions of samples Keskar et al. (2017). Consequently, biased node/edge-type exposure in the first steps can
steer optimization toward suboptimal solutions. To mitigate these issues, we propose KL-Batching, a simple
and efficient procedure that assembles memory-efficient mini-batches whose type distributions are close to the
global distribution.

KL-Batching first partitions the graph into K disjoint clusters, {C1, . . . , CK}, Ck ⊆ V, which are never
splitted across batches to avoid introducing additional cross-batch edge cuts. For each cluster Ck, we compute an
empirical distribution over a chosen discrete attribute of interest, denoted by a(·). This attribute can correspond
to node types, edge types, or any other crucial categorical property used to control representativeness. Let T
denote the support of this attribute and let pk(t) be the empirical distribution induced by Ck over t ∈ T . The
full graph (or the pre-training population) similarly induces a global reference distribution pG(t).

For each cluster, we then compute the Kullback–Leibler (KL) divergence to the global distribution,

KL(pk ∥ pG) =
∑
t∈T

pk(t) log
pk(t)

pG(t)
,

which quantifies how representative Ck is with respect to the selected attribute distribution. When multiple
attributes are important, one can compute multiple KL terms and combine them via, e.g., a weighted sum.

Given a target batch capacity B, measured as an upper bound on the total storage load associated with the
batch, we construct batches by joining entire clusters. Let size(Ck) > 0 be a cost estimate for cluster Ck

(e.g., accounting for its number of nodes and edges, the mix of node/edge types, and type-specific feature
dimensionalities). KL-Batching proceeds by (1) sorting all clusters in ascending order of KL(pk ∥ pG), and
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then (2) traversing this list and sequentially aggregating clusters into batches as long as the cumulative batch
cost does not exceed the memory budget M .

This yields a collection of batches B = {B1, . . . , BS}, where each batch Bℓ is the disjoint union of whole
clusters,

Bℓ =
⋃
k∈Iℓ

Ck,
∑
k∈Iℓ

size(Ck) ≤ M,

and size(·) denotes the estimated memory cost. Because batches are assembled from low-KL clusters first and
filled as close as possible to the capacity constraint, we (i) obtain batches that are representative with respect
to the chosen attribute(s) and (ii) improve memory utilization at each training worker. The batch construction
stage can be viewed as a constrained combinatorial optimization problem; due to space limitations, we provide
a formal formulation in the Appendix.

Suppose we have clusters indexed by k = 1, . . . ,K, each with a size (cost) sk = size(Ck) > 0 and a KL value

κk = KL(pk ∥ pG).

Fix a batch capacity B. For any batch, we seek a subset of indices I ⊆ {1, . . . ,K} such that∑
k∈I

sk ≤ B, (2)∑
k∈I

sk is maximized, (3)

under the preference that clusters with lower κk are chosen first (i.e., we want the batch to be composed of
clusters whose node-type distribution is close to the global one).

If we fix a set of candidate clusters that all have the same KL value, κk = κ⋆ for all k in some index set K⋆,
then selecting a subset I ⊆ K⋆ maximizing (3) subject to (2) is exactly the classical 0–1 knapsack problem.
This problem is known to be NP-hard in general, and solving it exactly for every batch is computationally
infeasible at the scales we consider.

In our setting, exact ties in κk are rare in practice, because KL values are continuous and clusters exhibit
diverse type distributions. Consequently, the number of genuine “knapsack” situations, where we must choose
among many clusters with effectively identical KL values-, is small relative to the total number of batches.
We therefore adopt a simple greedy heuristic:

• We traverse clusters in ascending order of κk.

• For each batch, we add clusters sequentially as long as the capacity constraint
∑

sk ≤ B is satisfied.

• When multiple candidate clusters share the same κk, we add them in arbitrary (or size-sorted) order,
without attempting to solve the knapsack problem exactly.

This heuristic does not guarantee globally optimal packing with respect to B, but it works well empirically:
capacity utilization is typically high (batches are close to full), and pre-training remains stable. Given the
rarity of large same-KL groups and the overwhelming scale of the graph, the suboptimality introduced by this
greedy step is negligible in practice. Due to space limitation, the formal algorithm description is provided in
the Appendix.
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